Polymorphism

- Outline
- Review

- Curry-Howard Isomorphism (Propositions-as-types)
- System F (Second-order lambda calculus, Girard 1972)
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Propositional Logic Syntax
Propositions:
e = T|1
| P,Q,R,
| —e
| eAe
| eve
| e=>e
iy 1. 2002
Sequents
- A sequent has the formT + A
- Ais alist of propositions «y,..., oy

- T'is a context containing a list of propositions f, ...

- We can extend valuations to sequents, to get the

folowing semantics:

- A sequent Bi,...,Bn + «1,..
some «; is true whenever f,..

true.
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., Xy is true if
., Bn are all




Derivations

- There are two kinds of inference rules
- Introduction rules operate on the right of the turnstile
- Elimination rules operate on the left of the turnstile

- The base axiom

axiom
I, 62 = A o A
altech edu/~iyh/courses/cs101 May 1, 2002 4
Rule table
T'HALT, A I,,L,L-A
I'EALx,A Ay THALB A I, o B, A
I'HALXABA I, AB A
I AL B A2 I,,-A T, A
I'-AL,xvB A I,xv B, A
[ ALB A2 I,L-A IL,L - oA
r}—Al,O(ﬁ,B,Az Fl,o(:B,le—A

nguages 5
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Pierce’s law

Ar-B,A“
HA=BA 3 AFA
(A=>B)>AFL A
F((A=>B)=>A) > A

Pro nguages 6
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First-order logic

- Add atomic formulas f(a,...,an) of various ar-
itites.

- Add atomic predicates P(ay,...,a) is various ar-
ities.
u= flar,...,an)
= T L
| P(ai,...,am)
| —e
| ene
| eve
| e=>e
| Vv.e
| Jv.e

Prog
http:
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Some examples

- Vx.big(x) = heavy(x)
- Vi(i+1)>1

- Vidj.j>1i

- JiVjj<i

Prog
http:
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Adding rules for FOL

T+ ALP(E), A

m exists intro

I'—A1,P(c),A> (newc)
I'-A,L,VU.P(v), A

all intro

I,P(c),lh A (new c)
I,3v.P(v), b - A

exists elim

I,vv.P(v),I»,P(t) - A
I,Vv.P(v),h - A

all elim

anguages
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A quantifier DeMorgan law

@)+ @l(c) 6

Vx.p(x)+ @(c)
—@(c), Vx.p(x) +
—@(c) - 7 (Vx.p(x))
Ax.~@(x) - 7 (Vx.p(x))
F(Ax.~@((x)) = (Vx.@(x))

anguages
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Second-order logic

- In FOL, the variables range over the elements of a
structure

- Sometimes it is useful to consider all subsets of a
structure
- “Each bounded non-empty set of reals has a supremum”
- “Each non-empty set of natural numbers has a minimal

element”

- Second-order logic allows quantification over

relations

anguages 11
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SOL language definition

The language contains:

- individual variables xg, x1, ...

- constants co,c1,... and n-ary function symbols

SO
- m-ary predicate variables X§, X', ...
- m-ary predicate symbols PJ, P}, ...

- the usual connectives =, A, V,=,3,V

edu/~jyh/courses/cs101 May 1, 2002 1 2




Rules for predicate quantification

I' AL, @lo/X],A> (some predicate o) 9
TrA,L3IX.0, A, 3%intro

[, @[C/X], b = A (newsymbol O) _,
ILaX.p,L - A 3 elim

I' A, @[C/X],A2 (new symbol C) 0
T-ALVX.Q,A V<intro

I,VX.p,,plo/X] - A (some predicate o) _—
ILVX.p, 1o F A Velim

du/~jyh/courses/cs101 May 1, 2002 1 3

Y 7 R

Conjunction is definable

PY-re QY =>CrC
o9, p=>(Y=>C)+C
QY@= WW=>C)=>C
o, P+ VX.(p=>(y=>X)=>X)
F@ay)= (VX.(p = (y=X)) = X))

urses/cs101 way 1, 2002 14

Operator definitions in SOL

All operators can be defined in terms of V and =

1L & VXX
PpAY o VX(p=>(W=>X)=>X
VY © VX.(y=>X)A(y=>X))=>X
Ix.p(x) o VX.(Vx.pkx)=>X)=>X
IX.pX) & VY. (VX (pX)=>Y)=>Y

way 1, 2002 15




The polymorphic lambda calculus

e = v variables
|  Ax:t.e abstraction
|  ele application
| AX.e type abstraction
| elt] type application
t = X type variables

| t; —ty function types
| VX.t type quantification

i edu/~lyh/courses/cs101 Vay 1, 2002 16
Identity program
Identity:
AXAx: X.X): (VXX - X)
Application of identity:
(AX.Ax:X.X)[Z] 1
—-g (Ax:Z.x) 1
—p 1
ey 1, 2002 17

But wait

- Is the similarity between logic and programs an
accident?
- If so, can we reason by analogy?
- If not, what is the connection?

anguages
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Curry-Howard isomorphism

Propositions and types are isomorphic in a
constructive logic

Intuitionistic logic

- A proof of (A or B) must be a proof of A or a proof of B
- An proof of an existential must provide a witness

Programming Languages 19
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Law of excluded middle

- In general, the proposition P v =P is not true in a
constructive logic.

- An example classical proof: show there are two
irrational numbers a, b s.t. a? is rational.

- Proof: let ¢ = ﬁﬁ.

- If c isrational, let a = v2,b = /2

- If ¢ is irrational, choose a = ¢,b = /2, for
which a? = 2.

Programming Languages 20
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Models

- “State of knowledge interpretation” (Kripke)
- A proposition is true only when we know it to be so, or
we have proven it
- At any moment we do not know what will be discovered
- Knowledge is strictly increasing; nothing we know now
will ever be contradicted

Programming Languages 21
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Devrivations in constructive logic

- The only change: sequents can have only one
conclusion

- A sequent has the form I' - «
- T'is a context containing a list of propositions fS1,..., Bn

- We can extend valuations to sequents, to get the
folowing semantics:

- A sequent B1,...,Bn + «is true if « is true
whenever B1,..., B, are all true.

Programming Languages 22
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Intuitionistic logic

T . axiom
I, o0 -«

T, L -« Lalse elim T trueintro
TaBlrs Trarep
IL,aAB L ES and elim T-aArB and intro

h,x,l-6 I,BF6 ' « reg )
holoro hnplao ) bt

TL,avB o or elim rFO(vﬁorleft rFO(vﬁorrlg

Na=BBL+6 Lo . La-B . . .
YA implies elim frasp implies intro
Programiming Languages 23
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Curry-Howard Isomorphism

Curry-Howard isomorphism:

- The proposition @ = B corresponds to the type
o~ B

- A proposition P is true i? there is a program that
has type P

- The 1 type is the “void” or empty type

Programming Languages
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Program extraction

Automatic program extraction: annotate the proof rules
with the programs that are the proofs.

N, fia=>B,b:B -6 extt T, fix= B+ exta
I, fia= B8 extt[f(a)/b]

I,x:x+ B exth

—————————— implies intro
I'-x=p extAx.b P

Programming Languages

implies elim

http://www.cs.caltech.edu/~jyh/courses/cs 101 May 1, 2002 25
Example extraction
A o R A3
x:A,y:B-A
xX:A-B=>A 1
FA=>B=>A
oy 1 2002 26
Extraction annotations
. : 3
X:A,V:BHA extx
X:A-rB=>A extAy.x
HFA=>B=>A extAx.Ay.x
27




Another example

fitA=>B=C,g:A=>B,x:A,y:B,z2C+ C ext26
fiA=>B=>C,g:A=>B,x:A,y:B+C extfxy "
fiA=>B=>C,g:A=>B,x:A+C extfx(gx)
fiA=>B=>C,g:A=>B+A=>C extAx.fx (gx)
fiA=>B=>Cr(A=>B)=>(A=>C) extAg.Ax.f x (g x)
F(A=>B=>C)=>(A—-B)>(A-C) extAf.Ag.Ax.f x (g x)

anguages
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Hilbert’s axioms for propositional logic

Constructive propositional logic has two axioms:
KiA=>B=>A
S:(A=>B=>C)>(A=>B)=>(A>C(C)

and the rule for modus-ponens (implication elimina-
tion).
Theorem The Hilbert system S and K is sound and com-
plete.

anguages
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The polymorphic lambda calculus

e = v variables
|  Ax:t.e abstraction
|  ele application
| AX.e type abstraction
| elt] type application
t = X type variables

| t; —ty function types
| VX.t type quantification

anguages
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Identity program

Identity:
AXAx: X.X): (VXX - X)
Application of identity:

(AX.Ax:X.X)[Z] 1
-5 (Ax:Z.x) 1
—p 1

du/~jyh/courses/cs101 May 1, 2002 3]

Operational semantics for System F

Operational semantics for the simply-typed A calculus.

(Av:t.er) ex —geilez/v]

Additional reductions for System F.

(AX.e) T —pe[T/X]

u/-tyh/courses/cs101 way 1, 2002 32

Typing rules for System F

Typing rules for the simply-typed A calculus.
Ix:it-x:t var

T'teyp:(s—>t) Trex:s
Tk (epen):t

app

Ixis+t
I' (Ax:s.e):(s—1t)

abs

u/-tyh/courses/cs101 way 1, 2002 33




Typing rules for System F

Additional rules for System F.

ILXre:T i
T~ (AX.e): (vX.T) & nwo
I'e:VX.T:
2 all elim

I'-e[Th]:T2[Th/X]

o
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