References, assignments, and side-effects

Outline

- Reference model

- Typing

- Program store

- Axiomatic semantics
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Expressions

Expressions
e = e base values
X variables
ey e application
Ax:t.e abstraction
ref e reference
le dereference
e1 .= e» assignment
l location
>|< AX.e type abstraction
* e|t] type application
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Types and values

Values
V = e base values
l locations
Ax:t.e abstraction
>|< AX.e  type abstraction
Types
t = Unit base type

t; — t>» function space
t Ref reference cell
* X type variable
% VX.t polymorphism
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Stores

Stores
s = |] empty store
= s|l:=v] update

.+ §|l := v]: update a value in the store. The new
store is the same as s except for location [, which
contains value v.

- s(1): fetch the value at location [

- Operation:

B (v if lz = ll
slh:=v](l2) = {5(12) it o # I;

Programming Languages
http://www.cs.caltech.edu/~jyh/courses/cs101 May 20, 2002




Basic beta-reduction

((Ax:t.ey) ep,s) —g (e1lex/x],s)

(e1,s) — (e7,s")

/ / app]'
(e1 e2,5) — (e] e2,S")

(e2,5) — (e5,s")
(v1 e2,5) — (vy e5,5")

app?2
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Typing sequents

A type judgment is a sequentI', > e :t

I' is the usual type context x1:t1,...,Xn:tn
> is a store type ly:t1,...,Lnitm
e 1S a program

t 1s a type
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Reference type judgments

[, Lt.3, r ¢ ‘ocaton

[ 2FHe:t
[, X +refe:tRef

ref

[+ e:tRef
IL2Hle:t

deref

[ X+—e;:tRef T, XrHer:t
[+ (e :=e»): Unit

assign
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Subject-reduction statement

Preservation
If

[ 2Fe:t
L2 s
(e,s) — (e',s")

Then, there is some >’ for which

[ r+e':t
[ s’
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Program verification

Type systems provide partial correctness
What if we want to verify a program?

Other questions?

- What if we want to show two programs are equal (for
optimization)

- What if we want to synthesize a program from a
description?
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Axiomatic semantics

One of the earliest program semantics
Design for verification of imperative programs
Also called Hoare logic (after Tony Hoare)

A proposition in Hoare logic (called a Hoare
triple)
- {P}le{Q}
- P, Q are predicates on the program state
- "e”is a program
- Intuitive interpretation: if P holds before e is executed,
and e is executed, then Q hold afterward
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Some axioms

- We won’t use refs; we’ll use the more
conventional syntax where variables are mutable

“Skip” (the program that does nothing)
- {P}skip{Q} ifP=>Q
- Assignment
- {x=1l}x=x+7{x=8}
Looping
- { P } while false do skip { P }
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“Weakest-precondition” semantics

Usually, what we care about is the state of a
program when it terminates

- The “weakest precondition” computes the start state for
a given final state

Definition wp(S, R): the set of all states such that exe-

cuting S in any one of them is guaranteed to terminate
in a state satisfying R.
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Weakest precondition

wp(i:=1+1,i<1)=1=<0

wp(i:=j,i<1l)=7<1

QISR = Q = wp(S,R)
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Weakest precondition logical laws

- wp(S,false) = false

- wp(S,Q) Awp(S,R) = wp(S,Q AR)
- wp(S,Q) v wp(S,R) = wp(S5,Q VR)
. if Q = R then wp(S,Q) = wp(S,R)

=
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Basic commands

wp(skip,R) = R
wp(abort, R) = false
wp(51;S2,R) = wp(S1, wp(S52,R))
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Assignment

Assignment: x < e
We assume e is functional
Examples:

- wp(x < 5,x =5) = true
-wpx —x—-1,x<0)=x < -1

- wp(x — x % x,x*=32) =x8%=32
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Assignment

wp(x <« e,R) = R|e/x]
- Examples:
- wp(x < 5,x=5)=(5=5) =true
-wpx —x—-1,x<0)=(x-1<0)=x < -1

- wp(x — xkx,xt=32) = (x2* =32) = x8 =
32
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Swap

Q = wp(S,R) = {Q}S{R}

ly=XAx=Y}

[ — X;
ly=XAt=Y}
X =,
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Conditionals

Conditional: if B then e else ¢>

Yedd:
if B then e else ¢e>

1R}

wp (if B then e; else e¢»>, R)
B = wp(e;,R) A =B = wp(er,R)
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Generalized conditional

S = if Bl—>€1
| By — e

| By — en
fi

wp(S,R) = (di.B;) A (Vi.B; = wp(ei,R))
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Loops

This is the final, most important part
We’ll use the generalized “do loop”

DO = do B; — e
| Bx— e
| By, — en
od
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WP for loops

Suppose we want R to be true when the loop S termi-
nates. Let BB = 3i.B;, to get equivalent form:

do BB — if By — eq

| By —en
fi
od

do BB — IF od
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WP for loops

. After O steps: Hyp(R) = =BB AR
. After k steps: Hiy(R) = Hyo(R) v wp(IF,Hi_1(R))
- wp(DO, R) = 3k.Hy (R)
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Loop reasoning

- The “wp” expression is almost useless

Summation:

i,s — 1,b[0];
doi<ll—-1i,s1+1,s+ bli] od
{R:s=3",b[k]}
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Loop invariant

Summation:

i,s — 1,b[0];
doi<ll—-i,s<i+1,s+bli] od
(R:s=2".blk]}

Invariant:

P=1<i<11As=23_{b[k]
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Loop invariant

P=1<i<11As=3_b[k]

{true}

i,s — 1,b|0];

{P}

doi<l1ll —-{i<1l AP}i,s—1i+1,s+b|i]{P} od
{i>11 A P}

{R}
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Multiplication

{b >0}
X,v,z—a,b,0;
do vy >0 A even(x)
| odd(y)
od
{R:z=a * b}
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Introduce an invariant

P=y=>=0Az+x%ky=axb

{b >0}

X,V,Z—a,b,0;

{P}

do y>0Aeven(x) —-{PAy>0Aeven(y)tyv,x « y/2,x + x{P}
| odd(y) - {PAodd(y)iy,z—v—-1,z+ x{P}

od

{PAY <0A-o0dd(y)}

{P ANy =0}

{R:z=a* b}
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